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Some properties of the ClifTord algebras C^3,o, C^i,3, C^4,i ~ C®Ci'i,3 and C^2,4 are presented, and 
three isomorphisms between the Dirac-ChfFord algebra C®C^i,3 and C^4,i are exhibited, in order to 
construct conformal maps and twistors, using the paravector model of spacetime. The isomorphism 
between the twistor space inner product isometry group SU(2,2) and the group $pin+(2,4) is also 
investigated, in the light of a suitable isomorphism between C ® C£i,3 and C^4,i. After reviewing 
the conformal spacetime structure, conformal maps are described in Minkowski spacetime as the 
twisted adjoint representation of $pin-|-(2,4), acting on paravectors. Twistors are then presented 
via the paravector model of Clifford algebras and related to conformal maps in the Clifford algebra 
over the Lorentzian R*'^ spacetime. We construct twistors in Minkowski spacetime as algebraic 
spinors associated with the Dirac-Clifford algebra C ® Cii^s using one lower spacetime dimension 
than standard Clifford algebra formulations, since for this purpose the Clifford algebra over E*'^ is 
also used to describe conformal maps, instead of R^'*. Our formalism sheds some new light on the 
use of the paravector model and generalizations. 



Introduction 

Twistor theory is originally based on spinors, from the construction of a space, the twistor space, in such a way 
that the spacetime structure emerges as a secondary concept. According to this formalism, twistors are considered 
as more primitive entities than spacetime points. Twistors are used to describe some physical concepts, for example, 
momentum, angular momentum, helicity and massless fields [3| ■ The difficulties to construct a theory for quantum 
gravity, based on the continue spacetime structure, suggests the discretization process of such structure One 
of the motivations to investigate twistor theory are the spin networks, related to a discrete description of spacetime 

Twistor formalism has been used to describe a lot of physical theories, and an increasing progress of wide-ranging 
applications of this formalism, via Clifford algebras, has been done [U, [l^, [H, [H, in the last two decades. 
Another branch of ap plic ations is the union between twistors, supersymmetric theories and strings (see, e.g., (26l. [27l. 

t [29l. [sol. [Sll. [3^. [ssl . |34|. [35I. [36l. [svj and many others). As a particular case, the classical Penrose twistor formalism 
■ Il9l.l20l.l39l.l40| describes a spin 3/2 particle, the gravitino, which is the graviton superpartner. Twistor formalism 
is also used in the investigation on the relativistic dynamics of elementary particles |38l . l4l| and about confined states 

The main aim of the present paper is to describe spinors and twistors as algebraic objects, from the Clifford algebra 
standview. In this approach, a twistor is an algebraic spinor [43j . an element of a lateral minimal ideal of a Clifford 
algebra. This characterization is done using the representation of the conformal group and the structure of the 
Periodicity Theorem of Clifford algebras [H, [ij, S, Sal ■ Equivalently, a twistor on Minkowski spacetime is an element 



that carries the representation of the group $pin_|_(2, 4), the double covering [6 if of SO+(2,4). This group SO+(2,4) 
describes proper orthochronous rotations in R2,4^ jg 

the invariance group of the bilinear invariants |46l | in the Dirac 
relativistic quantum mechanics theory This group is also the double covering of SConf_|_(l,3), the group of the 
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proper special conformal transformations, that is the biggest one that preserves the structure of Maxwell equations, 
leaving invariant the light-cone in Minkowski spacetime. 

introducing the group SU(2,2) of the inner product isometrics in twistor spaces in the Dirac-Clifford algebra C (E) 
C£i^3 ~ C^4^i. This paper is organized as follows: in Sec. I we give a brief introduction to Clifford algebras and fix 
the notation to be used in the rest of the paper. In Sec. II the Pauli algebra C^s.o is investigated jointly with the 
representation of the Pauli matrices [l| and quaternions. In Sec. Ill we point out some remarks on the spacetime 
algebra C^i. 3 and its quatcrnionic M(2,M) matrix representation, the 2x2 matrices with quatcrnionic entries. In Sec. 
IV the Dirac-Clifford algebra C <E)C£i,3 is investigated. In Sec. V the algebra €£2.4 is briefly investigated, and in Sec. 
VI three explicit isomorphisms between €£4,1 and C^C£i^3 are obtained. In order to prove the correspondence of our 
twistor approach to the Penrose classical formalism. Also, the isomorphism SU(2,2) ~ $pin_|_(2,4) is constructed. The 
Clifford algebra morphisms of C(8)C^i^3 are related to the ones of €£4^1 and two new antiautomorfisms are introduced. 
In Sec. VII the Periodicity Theorem of Clifford algebras is presented, from which and Mobius maps in the plane are 
investigated. We also introduce the conformal compactification of W''^ and then the conformal group is defined. In 
Sec. VIII the conformal transformations in Minkowski spacetime are presented as the twisted adjoint representation 
of the group SU(2,2) ~ $pin+(2,4) on paravectors of €£4.1. Also, the Lie algebra of associated groups and the one of 
the conformal group, arc presented. In Sec. IX twistors, the incidence relation between twistors and the Robinson 
congruence, via multivectors and the paravector model of C C£i 3 ~ €£4,1, are introduced. We show explicitly 
how our results can be led to the well-established ones of Keller [43| , and consequently to the classical formulation 
introduced by Penrose [H, \^ . In Appendix the Weyl and standard representations of the Dirac matrices are obtained 
and, as in 



I. PRELIMINARIES 



Let V he a finite n-dimcnsional real vector space. We consider the tensor algebra T'^{V) from which we restrict 

our attention to the space A{V) = ©^^g A^'iV) of multivectors over V. A^'iV) denotes the space of the antisymmetric 
/e-tensors, isomorphic to the fc-forms. Given ipk S 4' denotes the reversion, an algebra antiautomorphism given 

by ipk = (— l)''^^^^'0fe ([^] denotes the integer part of k). 4'k denotes the main automorphism or graded involution, 
given by i/'^ = {—l)^iljk- The conjugation is defined as the reversion followed by the main automorphism. If V is 
endowed with a non-degenerate, symmetric, bilinear map g : 1^ x I^ — > R, it is possible to extend g to A(V^). Given 
-0 = ui A ■ • • A Ufc and = Vi A • • • A v;, u.^, Vj g V, one defines g{il}, (f) = det(.g(ui, Vj)) \i k = I and g{tp, </>) = if 
k ^ I. Finally, the projection of a multivector = "00 + ^'1 + ■ ■ ■ + V'm V^fc G A'^'(l/), on its p- vector part is given by 
= 4'p- The Clifford product between w G 1/ and i> G A(F) is given by w0 = w A + wjf/;. The Grassmann 
algebra {K{y),g) endowed with the Clifford product is denoted by C£{V,g) or C£p^q, the Clifford algebra associated 
with V ~ W'"^, p + q ~ n. In what follows R, C and H denote respectively the real, complex and quatcrnionic (scalar) 
fields, and the Clifford geometric product will be denotex by juxtaposition. The vector space Ak{V) denotes the space 
of the fc-vectors. 



II. THE PAULI ALGEBRA €£3.0 

Let {ei, e2, 63} be an orthonormal basis of M.'^. The Clifford algebra C^3,o, also called the Pauli algebra, is generated 
by {1,61,62,63}, such that ^(6^6^ +6^6;) = 2g{ei,ej) = 2Sij. An arbitrary clement of €£3,0 can be written as 

= a + a^ei + 0^62 + 0^63 + 0^^612 + a^^eis + a^"^e23 +p 6123, a, a^a'^ ,p e R. (1) 

The graded involution performs the decomposition €£3,0 = C£'^q (BC£^q, where C£fi^ ^ {-ip £ €£3^0 I — ±0}- Here 
C£'^Q denotes the even subalgebra of €£3^ and its elements are written as (p+ — a + a^^eij. 



A. Representation of Clsfii Pauli matrices 



Now a representation p : €£3^ — > A4{2,C) is obtained by the mapping p : 6; 1-^ p{^i) ~ '^i given by 

p{ei) = ai = ( ^ M , p(62) = 0-2 = f ^ qM , p(63) \ \] (2) 
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that are the Pauli matrices. In this representation, a multivector G Ct^fi corresponds to the matrix ^ = If V' 

is given by eq.(IT]) then is given by 

(a + a3)+i(ai2+p) (a^ + a") + ^(a^s _ ^2) 
^ -\[a^- a") + i(a23 + a") [a - a^) + i{p - a^^) 

Reversion, graded involution and conjugation of ■0 G C^a^o, corresponds in Ai{2, C) to 



and an element of Ct^^ is represented by 



B. Quaternions 



The quaternion ring H has elements of the form q = qo + qii + q2] + q:^t = qQ + c{, where q^ eM. and {i, j, £} are the 
H-units. They satisfy 

i2=j2=j2^_l, ij = -ji = J, j!=-!j = i, !i=-i! = j. (4) 

go = Rc(g) denotes the real part of q and q = qi\ + g2j + denotes its pure quaternionic part. Since ip-\- = 
a + a^^ei2 + a^^eis + 0^^623 G C£jg then HI ~ C^o,2 — C£^q. Introducing the notation i = 6263, j = esei, k = 6162, 
the isomorphism ^ : H ^^to' explicitly constructed by ({i) = i, ({]) = j, C(t) = k, and it is immediate that the 
bivectors {i,j,k} satisfy eqs.ljl]). Denoting 3 = 616263, the element ip G 0^3, can be expressed as 

V- = (a + 3p) + (0^2 _ 3a3)ei2 + (a^^ - Jai)e23 + (-a^^ - '3a'^)e3i, (5) 

which permits to verify that C CE) H ~ Ci^^Q, and therefore C ® H ~ A^(2, C). 



III. THE SPACETIME ALGEBRA C£i,3 



Let {70,71,72,73} be an orthonormal frame field in R^'^, satisfying 7^-7^ = 5(7^71. +7,. 7^) = ?7^,., where iju = -1, 
7700 = 1 a-iid rj^^ — for /i 7^ j/, (^, ^ = 0, 1, 2, 3). 7^ • 7^ denotes the scalar product between 7^ and ^y. An element 
T G C^i,3 is written as 

T = c + c°7o + c^7i + c^72 + c^73 + c°Soi + c°^7o2 + c^^Iqz + 0^^712 + 01^713 

+c^^723 + c°^27oi2 + c°i37oi3 + c°^37o23 + ci23^^23 + C^^'^'^lm2Z ■ (6) 

The pseudoscalar 75 := 70123 satisfies (75)^ = —1 and 7^75 — —757^. In order to construct an isomorphism 
C£i,3 ~ A1(2,]HI), the primitive idempotent / = ^(1 + 70) is used. A left minimal ideal of C£i,3 is denoted by 
/i^3 := C^i.3/, which has arbitrary elements expressed as 

S = (a^ + a^723 + a^73i + a'*7i2)/ + (a^ + a''723 + a'^731 + a^7i2)75/, 

where 

ai c + cO, a2 = c23 + c023, ^3 ^ „^13 _ ^013^ a4 = ci2 + c0i2, (7) 
a5 = _ci23 + c°i23, a^^ci-cOi, a'^^-S\ = - (8) 

Denoting = 723, = 731, k« = 712, it is seen that the elements of the set {ic,,jo,k^} anticommute, satisfy the 
relations ij« = k^, j^k^ = i«, k^i« = ijok^ = -1, and 

S = (a^ + a^i^ + a^j^ + a*k«)/ + [cC' + aH^ + a^j, + a®k^)75/ G C£i,3/ = /i,3- 
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The set {1,75}/ is a basis of the ideal Ji.a. From the rules in we can write 
and the following representation for 7^ is obtained: 



70 



implying that / 



1 




1 

-1 



, 75/ 



71 



i 

1 



72 



j 



73 = 



I 

1 





1 



j 0; ' 

and using the equations above, T G C^i.a is written as 



' +(-cl3_c013)j + (cl2+c012)e (c2 + c"2)j + (c3+c"3)t > 



,23 ^023 



)i+ 



V +(c2-c"2)j + (c3-c"3)e (-cl3+c"13)j + (cl2_c"12)t / 

e X(2,H). 



f?! '72 
ft? (74 



The reversion of T is given by T 



, where q denotes the H-conjugation of q. 



(9) 



(10) 



(11) 



qi -q3 

-92 94 

As particular cases of the isomorphism C£p,q ~ Ci'^^^i jlj, when p = 3 and q = we have C£f^ ~ ^£3.0, given by 
the application p : Cif^ C^a.o defined as p{'yi) = = 7i7o- Given a vector x ~ x^^i_i G M}'^ ^ from the isomorphism 
above we see that 

X70 = .T^7^7o = x° + a;''7,7o = a;° + x'e, e R © 

A vector in R^'3 jg said to be isomorph to a paravector [l^, [ll| of M3^ defined as an element of M © ]R3 Ci^fi. 

It can also be seen that the norm ss of s S C^ts is equivalent to the norm era of a S Ci^fi, where a = p{s). In this 
sense the group $pin^(l,3) = {s G €£3,0 \ ss — 1} is defined, as in 0]. 



IV. THE DIRAC-CLIFFORD ALGEBRA C ® C£i,3 



The standard Clifford algebra, usually found in rclativistic quantum mechanics textbooks [8|, , is not the real 
spacetime algebra Cii^s ~ A^(2,IHI), but its complexification C ® C^i^a ~ A^(4, C), the so-called Dirac algebra. In 
this section the Weyl representation and the standard representation of the Dirac algebra are explicitly constructed. 
We follow and reproduce the steps described in where it is explained a method to find a representation of 
C^3,i ~ A^(4,R). The set {60,61,62,63} G IR^'3 denotes an orthonormal frame field and {70,71,72,73} {jfi ■= lisfj,)) 
denotes the (matrix) representation of {eo, 61, 62, 63}. Since C ® C£i,3(R) ~ i,3(C) ~ Al(4, C), we must obtain four 
primitive idempotents Pi, P2, P3 and P4 such that 1 = Pi + P2 + P3 + ^4- It is enough [ij to obtain two idempotents 
6/^, 6/2 of C£i^3(C) that commute. This is done in details in Appendix, where we follow the idea presented in [l| to 
obtain the Weyl and the Standard representations. 



V. THE CLIFFORD ALGEBRA €£2,4 



Consider the Clifford algebra C^2,4- Let {£^}^_g be a basis of M^'^, with £g = = 1 and ef = £3 = £3 = £4 = — 1- 
Let M"*^^ be the vector space with a basis {Ea}\^q: where E'q ~ ~1 and ^ E2 = ^ = 1. The groups 

Pin+(2,4) = {i? G C£2,4 I PP = 1}, Spin+(2, 4) = {P G C^J4 I PP = 1} (12) 
are defined, together with the group 

$pin+(2, 4) = {D G C£4,i \ DD = 1} (13) 

The inclusion 

$pin+(2, 4) ^ ~ Cf4,i ^C(g, €£1^3. 
follows from the definition. These groups are useful in the twistor definition to be presented in Section (jIX[) . 
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VI. THE ISOMORPHISM €£4,1 C ® C^ s 

111 this Section the conformal maps in Minkowski spacetime are described using the Dirac algebra C0C£i^3. For this 
purpose we expUcitly exhibit three important isomorphisms between €£4^1 and C Cii^^ in the following subsections. 
The relation between these algebras is deeper investigated, since twistors are defined as algebraic spinors in R^'^ 
or, equivalcntly, as classical spinors in R^'*, defined as elements of the representation space of the group $pin_|_(2,4) 
(defined by eq.^) in C4,i =i C ® «i,3. 

A. The 7,y — E^Ei identification 

An isomorphism C ® Cii^^ — s- €£4^1 is defined by 

7, ^ E,E4, = 1,2,3,4), 

«= 70717273 £'01234- (14) 

It can be shown that 

Eq = -17123, El = -i7o23, E2 = ijois, E3 = -17012, E4 ^ -?7oi23- (15) 
An arbitrary element of €£4^1 is written as: 

7 _ rr , ttA p I ttAB p , ttABC p , TjABCD p , rr01234 p 

Z — H + U J^A + n rjAB + n ^ABC + ^ J^ABCD + ^ -C^01234 

= S + i?%+i?^''7M. + S'^''"7M- + 5°'''7oi23, (16) 

where 

B = H + iH°^^''\ = -iH^^"", = H^^ -iH''^'', 

£2 = + i/j013, £3 ^ ^34 _ -^012^ ^12 ^ _^12 ^ ^^034^ 

^13 ^ _^13 _ j^024^ ^23 ^ _^23 + ^^014 ^01 ^ _jj01 _ ,^234^ 

^02 ^ _jj02 ^ -^134^ ^03 ^ _jj03 _ -^124^ ^012 ^ _^0124 _ -^3^ 

^013 ^ _^0134 ^ ^^2^ ^023 ^ _^0234 _ -jjl^ ^123 ^ _^1234 _ -^0^ 
^0123 ^ ^0123 _ ,^4 

With these identifications, the (anti-)automorphisms of €£4^1 are related to the ones of C£i^3 by 

CIZ ^ C*®C£i,3, 



^4,1 ^ c®ai,3. 



C£4.i ^ C*®C£i,3, 
Other two automorphisms of C^4,i can be defined: 

C£l^:= E4C£^iE4C^C(g)C£^3, (17) 

af^^ := E4C£4.iE4 ~ C ® C£^3- (18) 
Using the standard representation for 7^ one obtains 

^11 ^12 ^13 ^14 \ 

g{Z) ^ Z = I ^22 ^23 ^24 ) / 01 ^2 

' ^31 ^32 ^33 -234 I \ (p3 (P4: 

Z41 Z42 Z43 Z44 I 
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where 

Zn = {H + + i7034 _ ^3) ^ 4(^01234 _ ^123 ^ Jjl2 ^ ^0124)^ 

Zi2 = (-i?'^ - + i?"'^ - H^) + i(-H°24 + i/2 ^ ^23 ^ ^0234)^ 

213 = - + H^ + H'>) + liH^^^ + ^012 ^ ^0123 _ ^1234)^ 

Zu = - if" + - + ,(7J234 ^ ^023 _ JJ02 ^ ^24)^ 

221 = (i?" + + - ff') + -H^+ + ii-0234)^ 

Z22 = {H + if« _ ^034 ^ ^3) ^ ,(i/01234 _ ^123 _ Jjl2 _ ^0124)^ 
Zl4 = (i/01 _ if 14 + ^134 ^ ^013) ^ ,(^234 ^ ^023 ^ ^02 _ ^24)^ 
224 = ("i?"^ + + H^ + + z(-7?124 _ ^012 ^ ^0123 _ ^1234)^ 

231 = (fl""' + if'^ + fl-^ - + ^(i/124 _ //012 ^ ^0123 ^ ^1234)^ 

Z32 = + - H"4 ^ ^013) ^ ,(^234 _ ^023 _ Jj02 _ ^24)^ 

^33 = (i/ - + ^034 ^ ^3) + j(i/01234 ^ ^123 + Jjl2 _ ij0124)^ 

Z34 = (-7713 + 77-0134 ^ ^014 ^ ^1) ^ i(_i/024 _ ^2 ^ ^23 _ ^0234)^ 

Z41 = (77"i + 77" + 77134 _ 77"i3) + j(77234 _ ^023 ^ ^02 ^ ^24)^ 

Z42 = (-i?°^ - i?'-' + H^- 77°) + z(-7rl24 + 77OI2 + ^0123 ^ ^1234)^ 

Z43 = (^f'' - + + ff') + ^(i^°'* + 7f2 + TT^s - 7^0^34)^ 

Z44 = (i^ - - - ff') + Z(7f01234 + ^123 _ ^12 ^ ^0124)^ 



From these expression, we relate below the matrix operations to the (anti-)automorpliisms of €£4,1: 
1. Conjugation: 



g{Z) ^ Z = 




where f denotes hermitian conjugation. 

The relation ZZ = 1 in €£4,1 is translated into M{i, C) by ZZ = 1, i.e. 

-l \ f 4 4 \ f 1\ f (f>2 \ _ f 1 



1 A c/>J 0i A -1 A '/'3 04 ; [0 1 




which means that Z e Sp(2,C) dil. From this relation, written in the form ZVZ = J, it follows that (det Z)^ = 1, 
since det J = 1, and 

det Z = ±1. (19) 

These two possibilities cannot be done in the symplectic case as in the orthogonal case. It is well-known [HI, [l3| that, 
if Z G Sp(n, K), then det Z = 1. Then cq. p^ does not admit the solution det Z = — 1 and only the relation 

det Z = 1 (20) 

is valid. 



2. Reversion: 



Z = 



^ Z44 —Z34 Z24 -Z\4 

-Z43 Z33 -Z23 Zi3 

Z42 -Z32 Z22 ~Zi2 

-Z41 Z31 -Z21 Zll 



f adj{(j)4) adj{(j>2) 
\ adji^s) adj{<j>i) 



where adj(0) = (det(^) 0-1, V0 e A1(2,C). 



3. Graded involution: 



where 





^21 


4= 

~^24 


^23 










~^12 


^11 


Zi4 


~^13 


^^42 


24*1 


^44 


^^43 


^32 


~^31 


~^34 


^33 



co/ 



a b 
c d 



4. The antiautomorphism Z* is defined as Z' := E4ZE4 



C0fi<Pl)* -Co/(02)* 
-C0/((/)3)* Co/(04)* 



d — c 
—6 a 



Z* 



Z22 — Z12 ^42 — ^^32 

-221 Zii -Z41 Z31 

^^24 —^41 244 — Z34 

-Z23 Zi3 -Z43 Z33 



adj{4)i) adj{4>3) 
adj{(t)2) adj{(p4) 



5. We define Z 



A 



E4ZE4 = E4ZE4 — Z*'. 

I Z33 ^34 231 2:32 



Z43 Z44 Z41 Z42 

Zl3 Zi4 Zii Zi2 
^23 2:24 221 Z22 



<P4 <P3 
02 01 



Although we explicited the standard representation, and in other representations the coeficients 
different, all the relations described by (l)-(5) above are valid in an arbitrary representation. 



B. The identification 7^ = 

Another isomorphism C^4,i C (g) C€i,3 is defined, denoting i = 70123 = -E'01234, by 

Eq -170, 
Ex ^ -171, 
E2 ^ -172, 

E4 ^ -j70123- 

Now the coefficients of eq. p6)) arc related by 



B = H + ^i^0l234^ 


B° = - 


JJ1234 




51 =- 










^0124 


^12 = 


-ifl2 + 




513 ^ _^13 „ j^024^ 




-7723. 




= 


_i/oi_ 


ii/234^ 


502 ^ _i702_^^^134^ 




_i703_ 


- ii7i24^ 


5OI2 ^ 


_^34_ 




^013 ^ ^24 ^ -^013 


^023 


= -i? 


14^ -^'023 


^123 ^ 


_^04_ 


f ii?123 



^0123 ^ ^0123 _ ,^4^ 

We conclude that 

Ch} ^ C*®C£i,3, 

C£^_i := E4Ch^iE4 c::^ C (g>C£^, 
€£4^4 := E4Ci4,iE4C^C(E}Ce^3. 
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The relations above are different from the ones exhibited in the last section, but can be led to them if we change 
the graded involution by the reversion in C^i_3 and vice-versa. Using, without loss of generality, again the standard 
representation of 7^^, wc obtain the matrix representation of Z £ Cii^. 



where 



giZ) = Z 



211 Z12 zia zi4 

221 Z22 Z23 Z24 

Z31 Z32 Z33 Z34 

241 Z42 243 Z44 



Zn = {H- if 1234 ^ ^034 ^ 
Zl2 = (-77 13 + i/24 ^ ^014 

213 = (-ff°' - i7°''^ + H^- 

Zu = {H°' + -ff°234 _ if 134 

221 = (ifi' - H^^ + i/"ii + 

222 ^{H- i/1234 _ ^034 _ 

223 = {H"' + H"^-'^^ + 

Z24 = (-i?"3 _ ij0124 ^ jj4 
Z31 = (H"3 - F0124 + H^ + 

232 = (ii""! - H"^^^ - 

Z33 = (i/ + ^1234 + H^34 _ 

234 = (-i7l3 - i724 + ^014 

241 = (^f°l - i?""^^ + ifl'* 

242 = (-i?°3+i70124 + i/4 
Z43 = (i/13 + ^24 ^ ^014 _ 
244 = {H + i/1234 _ ^034 ^ 



if" 



+ 



+ i7023) 
if 123) + 

+ H^) + 

^023) ^ 
^012) ^ 

-H^) + 

+ ijl23) 
^123) ^ 

-i/2)+ 
if012) + 

- i7"23) 

+i/2)+ 

+ i7l23) 
^023) ^ 
^012) ^ 



j(^01234 _^0^^12^^34)^ 
+ i(-ii"24^^013^^23^^14 
(ifl24+/i-3^^0123_^04)^ 
(F234 + ^fl_^02^^0134)^ 
(i/024 _^013^^23^^14)^ 
Z(i/01234 - - ii-12 _ i734)^ 

i(i/234+^l+^02 _^0134)^ 
+ i(-ifl24-//3^^0123^^04 



l(i/124 -i?3+ij"123+ii-04)^ 
l(i/234 _ i/l _ i702 _ ^0134)^ 
^(^01234 ^^0^^12 _ ^34)^ 
^,(_i/024 _^013^^23_^14) 
z(i/234_ ^1+^02 ^^0134)^ 
+ i(-i/124 + i/3^^0123^^04) 
Z(i/024^^013^^23_^14)^ 
Z(i/01234+i70_^12^^34) 



(22) 



Using the expression above, the (anti-)automorphisms in C^4^i are translated into the ones of A^(4,( 
1. Conjugation: 



/ ^11 


^21 


~^31 


— 241 


^12 


222 


~232 


~242 


^2i3 


~223 


^33 


^43 










V -^4 


~^24 


-^34 


244 



The relation ZZ = 1 in €£4^1 is equivalent, in A^(4, C), to ZZ = 1, i.e. 





-1 



1 

-1 



4 -4 
4 4 



1 
1 




which means that Z gU(2, 2). Therefore it follows the result 

$pin+(2,4) U(2,2) (23) 

But from ea. (|20p we have that det Z = 1. As an unitary transformation does not change the determinant, then det 
Z = 1 and Z e SU(2,2), i.e. 

$pin+(2,4) SU(2,2) (24) 

Other way to see that $pin+(2,4) ^ SU(2,2) is from relation $pin+(2,4) ^ U(2,2), given by eq.^. Wc have two 
possibilities: 

1. $pin+(2,4) SU(2,2), or 

2. $pin-|_(2,4) ^ U(2,2), with determinant of the representation p : $pin_|_(2, 4) End (M^^) unitary and negative. 
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Since $pin_|_(2,4) is the connected (with the identity of $pin(2.4)) component, then 

$pin+(2,4) ^ SU(2,2). 



(25) 



It is well-known that the Lie algebra of Spin_|.(2,4) is generated by the bivectors. Now we remember that the dimension 
of A2(RP'«) ^ C£p,q is n{n - l)/2, where n = p + q is the dimension of W''^ . Therefore the group $pin+(2,4) has 
dimension 15. Since dim SU(2,2) = 15, because dim SU(n,n) = {2nf ~ 1, from the inclusion $pin+(2,4)'^ SU(2,2) 
and that dim $pin+(2,4) = dim SU(2,2) = 15, it follows that 



$pin+(2,4) ~SU(2,2) 
Then the twistor space inner product isometry group SU(2.2) is expressed as 

SU(2,2) = {Z e C44 \ZZ = \\ 



(26) 



(27) 



where Z is the matrix representation of elements in $pin_)_(2,4) 
2. Reversion: 



Z = 



^44 —234 2^24 —^14 

— 2:43 233 —223 213 
^42 —^32 2^22 —2:12 

— ^41 231 — Z21 Zll 



where adj{ilj) = (det ?/')V'~"^, V-0 e M{2, 
3. Graded involution: 

/ 



Z = 



V 



^22 


He 

"^21 


"^24 


^23 






* 


* 


^^12 


Zll 


^14 


"^13 


"^42 


Z4I 


^44 


^^43 


^32 


^^31 


^^34 


^33 



where 



4. Z' := EaZEa 



cof 



a b 
c d 



SU(2,2). 



f adj{(j)A) adj{(j)2) 
V adj{(t)s.) adj((j)i) 



"Co/(02)* 

co/(04)* 



Z* 



Z22 


-212 


Z42 


-Z32 


-221 


211 


-241 


Z3I 


Z24 


-241 


244 


-234 


— 223 


213 


-243 


233 



adj{4)i) adj{(j)3) 
adj{(j)2) adj{(f)i) 



5. := E4ZE4 = E4ZE4 = Z' 



Z^ = 



■Z33 234 2:31 Z32 

Z43 244 Z41 242 

Zl3 214 211 212 

Z23 224 221 222 



An useful identification to twistors 



In this case the isomorphism Ci^^i 



' C£i.3 is given by: 



Eq 

El 
E2 
E3 



no, 

7io, 

720, 
730, 

7570 



-7123- 



(28) 
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_^13 _ 








•^0134 


^013 , 


- H24: + 




^0123 


^^123 





In this case, the coefficients of ea. p6)) are given by 

B = i? + 50 ^ ^1234 _ ^^0^ ^ ^234 ^ .^^01 ^ 

52 ^ ^134 ^ ^^02^ ^3 ^ _^124 ^ -^03^ ^12 ^ _jjl2 ^ .^^034^ 

523 ^ _^23 ^ ^^014 ^01 = i/l + ,//014^ 

^03 ^ _^3 ^ ,^0124^ 5OI2 ^ _^34 ^ -^012^ 

^023 ^ _^14 ^ -^023^ ^123 ^ _^4 _ .^^0123^ 

Tliis isomorphism will be used in the third paper of this series, when twistors are to be defined. Twistor space inner 
product isometry group SU(2,2) is written in the Clifford algebra C£4^i from the isomorphism SU(2,2)~ $pin^(2,4) 
shown via an appropriate isomorphism between C C£i^3 and €£4^1. 

VII. PERIODICITY THEOREM, MOBIUS MAPS AND THE CONFORMAL GROUP 

The Periodicity Theorem if Clifford algebras has great importance and shall be used in the rest of the paper: 

Periodicity Theorem ► Let C£p_q be the Clifford algebra of the quadratic space M^'*. The following isomorphisms 
are verified: 

CVi,,+i ~ ^1,1 Cfp,,, (29) 

Ciq+2,p - C^2,0 ®Cip^q, 
C£q^p+2 — C£o,2 "Xl C£p^q, 

where p > or q > 0. 

The isomorphism given by ea. (|29p . the so-called Periodicity Theorem 

C£p+l^q+l^Ch,l®C£p,q (30) 

is of primordial importance in what follows, since twistors are characterized via a representation of the conformal 
group. 

Now the extended periodicity theorem is presented, for details sec, e.g., [J, 0, [131 • The reversion is denoted by 
ai, while the conjugation, by a_i, in order to simplify the notation. The two antiautomorphisms are included in the 
notation ae(e = ±1). 

Periodicity Theorem (II) ► The Periodicity Theorem is also expressed, in terms of the associated anti- 
automorphisms, by 

{C£p+i^q+i,a^) ~ {Ctp^q,a^^) ® {C£i^i,a^). < 

Proof: The bases {e^}, {fj} span the algebras C£p^q and C£i^i, respectively. Let {e^ fif2, 1 ® f^} be a basis for 
C£p+i_q+i ~ C£p^q ® C£i_i. The following relations are easily verified: 

(a_e (g) a<:)(ei (g) fif2) = a_<:(ei) ® ac(fif2) 

= e(e,(g)fif2) (31) 

(a_, (X)a,)(l 0f,) = a_e(l) »ae(f,) 

= €{l®ij) (32) 

Therefore the generators are multiplied by e. 

□ 
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A. Mobius maps in the plane 

It is well-known that rotations in the Riemann sphere CP^ are associated with rotations in the Argand-Gauss plane 
po| . which is (as a vector space) isomorphic to K^. The algebra Cio^i ~ C is suitable to describe rotations in M^. 

From the periodicity theorem of Clifford algebras, given by ([29)) it can be seen that Lorentz transformations in 
spacetime, generated by the vector representation of the group $pin+(l,3)^ Cl^fl, are directly related to the Mobius 
maps in the plane, since we have the following correspondence: 

Cesfi - C^2,o ® C£o,i - C£ia Cio,i. (33) 

In this case conformal transformations are described using Cii^i. From eq. (|33p it is possible to represent a paravector 
[i,[l3 aeC4,o inX(2,C): 



z A 
/i z 



eM©M^ (34) 



where z G C, /Lt, A S M. 

Consider now an element of the group 



$pin+(l, 3) := {0 e C£3,o \ (l>(l) = !}• (35) 
From the Periodicity Theorem (II) it follows that 

(iT)-(f?)- w 

The rotation of a paravector a G M R'^ can be performed by the twisted adjoint representation 

a a' = rjafj, rj e $pin_,_(l, 3). (37) 
In terms of the matrix representation we can write ea. (j37p . using ea. (j34p . as: 



and using eq. pS]) . it follows that 



zA\ f a c \ f z \ \ f a c 
IJ. z I \bdJ\iJ,zj\bd 



z X\ fac\fz\\fdc 
H z J \bdj\iizj\bd 



(38) 



(39) 



(40) 



Taking /-t = 1 and A = zz, we see that the paravector a is maped on 

ac\izzz\ldc\_ I z' z' z' 

b d J yi z J yb d ) ^"^yi ? 

where z' := and uj := \bz + dp G M. 

The map given by eq. (|40|l is the spin-matrix A e SL(2,C), described in (40l |. 

B. Conformal compactification 

The results in this section are achieved in (l^.[55|. Given the quadratic space M*^'^, consider the injective map given 

by 

X ^ >i'(x) = (x, X • X, 1) = (x. A, //) (41) 
The image of W''^ is a subset of the quadric Q ^ M^'+^'^+i^ described by the equation: 

X • X - A^i = 0, (42) 
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the so-called Klein absolute. The map x induces an injective map from Q in the projective space ]RPP+^''''+-'^. Besides, 
Q is compact and defined as the conformal compactification M.P'1 of MP'''. 

Q « M.P-'i is homcomorphic to {S^ x S'^^j'Li [IHl- In the particular case where p = and q = n, the quadric is 
homeomorphic to the n-sphere 5" , the compactification of M" via the addition of a point at infinity. 

There also exists an injective map 

s : R © K-'' Me M'^^i 

. - .s(^) = ( I f ) (43) 

The following theorem is introduced by Porteous [ij, [s^ : 

Theorem ► (i) the map x. : R^'*? Rp+^^'?+^; x ^ [x ,x ■ x , is an isometry. 

(ii) the map tt : Q ^ MP'''; [x, X, pi) ^ x/fj, defined where \ ^ is conformal. 

(iii) if U : RP+1'9+i RP+i^^+i ts an orthogonal map, the the map n = tt o U o k : MP'« W'l 

is conformal. < 

The application Q maps conformal spheres onto conformal spheres, which can be quasi-spheres or hiperplanes. A 
quasi-sphere is a submanifold of R^''?, defined by the equation 

ax-x + b-x + c^O, a,cGR, beW'''. (44) 

A quasi-sphere is a sphere when a quadratic form g in R^'* is positive defined and a =/= 0. A quasi-spherc is a plane 
when a = 0. From the assertion (Hi) of the theorem above, we see that U and —U induces the same conformal 
transformation in M^'"'. The conformal group is defined as 

Conf(p,(7) ~0(p+l,g+l)/Z2 (45) 

0{p -I- 1, g + 1) has four components and, in the Minkowski spacetime case, where p = 1, q = 3, the group Conf(l,3) 
has four components. The component of Conf(l, 3) connected to the identity, denoted by Conf+(l, 3) is known as the 
Mobius group of R^''^. Besides, SConf+(l,3) denotes the component connected to the identity, time-preserving and 
future-pointing. 



VIII. PARAVECTORS OF C£4,i IN Ctjfi VIA THE PERIODICITY THEOREM 

Consider the basis {£^}^_(, of R^'"' that obviously satisfies the relations 

el=el = l, el=el^el^el = -l, ej^-e^=0 (A^B). (46) 
Consider also R"*'^, with basis {Ea}\^q, where 

E^^~l, El=El=El=El = l, Ea-Eb = [A^B). (47) 
The basis {Ea\ is obtained from the basis {e^}, if we define the isomorphism 

^■.CUs ^ A2(R2^4) 

Ea ^ ^{Ea) = £^£5. (48) 

The basis {Ea] defined by eq. (|48|) obviously satisfies eqs. ([47|) . 

Given a vector a ~ ct^^A ^ K^^"', we obtain a paravcctor b G R ® R^'^ ^ €£4 1 if the element £5 is left multiplied 
by b: 

b = aS5 = a'^EA + a^. (49) 

From the Periodicity Theorem, it follows the isomorphism CI^a — Ciij ® Ci^^ and so it is possible to express an 
element of Ci^A as a 2 x 2 matrix with entries in C^s.o- 
A homomorphism 'd : €£4^1 — > €£3^ is defined as: 

E, ^ d{E,)=E,EoE4 = e,. (50) 
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1, E, 


= eiEiEo and that E4 = 


E+ + 


E-, Eq — 


E, 


- - E_, 




b = a^ + {a" + a^)E+ 




- a°)E- - 




QiE^E 


to be 


represented by = | ^ 




Eo = 


c 


0') 



(51) 



consequently we have 







1 



^+ - I 1 ' ^- ~ ' ^4^° " V -1 



1 



and then the paravector b G . 



p4,l 



0^4^ 1 in eq. (|5ip is represented by 



(52) 



(53) 



The vector a G K^'"* is in the Klein absolute, i.e., = 0. Besides, this condition implies that = <^ bb = 0, 



since = aa = ala = ae\a = ae^e^a = bb. We denote 



Using the matrix representation of bb, the entry (bb)ii of the matrix is given by 

(bb)ii ~ XX — = 0, 

where 

X := {a^ + a'e,) G M © C^g^o- 



(54) 
(55) 
(56) 



If we fix /i = 1, consequently A = a;x G M. This choice does correspond to a projective description. Then the 
paravector b G M ffi R"''"'^ ^ C^4.i can be represented as 



(57) 











XX \ 


: 






1 


X ) 



From eg. ([55)) we obtain {a^ + a'^ei)(a^ — a^e^) — {a^ — a°)(Q!^ + a") which implies that 

{a'f - (a'e,)(a^e,) = [a^f - (a°)^ 

and conclude that 

(a5)2 + (^0)2 _ (^1)2 „ (c,2)2 „ (^3)2 _ (^4)2 ^ q 

which is the Klein absolute (eq.(|42p). 



(58) 
(59) 



A. Mobius transformations in Minkowski spacetime 



The matrix 5 = ^ || |j ^ is in the group $pin+(2, 4) if, and only if, its entries a, b,c,d & €£3^ satisfy the conditions 





aa, bb, cc, G I 


I, 




(ii) 


ab, cd G M® M^, 






(Hi) 


avc + cvd, cvd + 


dvc G R, Vw G M a 


)R3 


(iv) 


avd + cvb G R©I 


^^ V^;GM©M^ 




(v) 


ac = cd, bd ~ db, 






(vi) 


ad — cb = 1. 







(60) 
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Conditions (i) , (ii) , (Hi) , (iv) are equivalent to the condition d-{g){b) := gbg G M ffi R^'"'^, Vb G R © M^'""^, where 
a : $pin^(2,4) — » SO+(2,4) is the twisted adjoint representation. Indeed, 



gbg 



b d J y X J yb a 

axd + Xab + ficd + cxb axe + Xaa + iicc + bxa 
bxd + Xdb + ^dd + dxb bxc + Xbd + + dxd 

w X' 

fl' w 



»4,1 



(61) 



where the last equality (considering w G MsR"^ and X',fi' G R) comes from the requirement that g G $pin_|_(2, 4), i.e., 
gbg G R R**'^. If these conditions are required, (i), {ii), [in) and [iv) follow. 
Conditions (w), {vi) express gg = 1, since for all g G $pin^(2,4), we have: 

{ ad — cb ac — cd\ { I Q\ 
''=^ ^ (bd-db dd-bc ) = [0l)- (62) 



B. Conformal transformations 



We have hust seen that a paravcctor b G M ® R ^ C^4.i is represented as 



where x G R ffi R'^ is a paravector of Cis^. 
Consider an element of the group 





XX \ 










X ) 


1 = 







(63) 



$pin+(2,4) := {g G Ch,i \ gg = 1}. (64) 



It is possible to represent it as an clement g G €£4,1 ~ Cii^i (E)C£3fi, i.e., 5 = ^ ^ ^ J ' ^' ^ ^£3,0. The rotation 

of b G R ffi R"*'^ ^ Cii^i is performed by the use of the twisted adjoint representation a : $pin^(2,4) SO+(2,4), 
defined as 

<^(<?)(b) = .9&.r' 

= gbg, g G $pin+(2,4). (65) 



Using the matrix representation, the action of $pin_|-(2,4) is given by 



a c 



X X \ f a c\ f a c \ f X X \ f d c 



bdj\^xj\bdj \bdj\iJ,xj\ba 
Fixing /i = 1, the paravector b is mapped on 



(66) 



a c\ ( x xx\ ( d c\ X I x' x'x' \ 

^b d)\x -x)\b -a)-^\\ -X' j' (6^) 

where 

x' ■.= {ax + c){bx^d)-'^, A := {bx + d){bx + d) G R. (68) 



The transformation ([68|) is conformal [56|, |57[ . 
From the isomorphisms 

Cli^i :^C®C£i^3- M (4, C) , (69) 

elements of $pin_|.(2,4) are elements of the Dirac algebra C Ci?i, 3. From eq. ((56|) we denote a; G R © R^ a paravector. 
The conformal maps arc expressed by the action of $pin+(2,4), by the following matrices: 
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Conformal Map 


Explicit Map 


Matrix of $pin+(2,4) 


Translation 


x + h, heR®R^ 


("') 

\0 1 J 


Dilation 


X I— !• pi', p G M 


f VP \ 

V l/vp / 


Rotation 


X ^ 0a-g"\ e $pin+(l,3) 


/ \ 

V / 


Inversion 


X 1— > —X 


/o-t^ 
WjW, 


Transvection 


x^ x + x{hx + l)-^, heR^R^ 





This indcx-frcc geometric formulation allows to trivially generalize the conformal maps of R^-^ to the ones of M^"^*?, if 
the Periodicity Theorem of Clifford algebras is used. 

The group SConf+(1.3) is fourfold covered by SU(2.2), and the identity element i(isconf+(i,3) of the group 
SConf+(l,3) corresponds to the following elements of SU(2,2)2± $pin+(2,4): 



I2 
I2 



-I2 
-I2 



i2 
i2 



-12 
-i2 



The element I2 denotes 1^2x2 and 12 denotes the matrix diag(i,z). 

In this way, elements of $pin+(2,4) give rise to the orthochronous Mobius transformations. The isomorphisms 

Conf(l,3) 2± 0(2,4)/Z2 Pin(2, 4)/{±l, ±i}, 

are constructed in [l^ and consequently, 

SConf+(l,3) ~ SO+(2,4)/Z2 $pin+(2, 4)/{±l, ±i}. 

The homomorphisms 



Spin, (2,4) ^ SO+(2,4) ^ SConf+(l,3) 



(70) 

(71) 
(72) 

(73) 



are explicitly constructed in [22, l58 



C. The Lie algebra of the associated groups 

Consider C£* ^ the group of invertible elements. The function 

exp : C£p,g ^ Ci;^^ 

E°° a" 
— - 



(74) 



is defined. The vector space V :— Clp^q endowed with the Lie bracket is identified with the Lie algebra C£* ^. As an 
example, consider the Clifford-Lipschitz Fp.g group, a Lie subgroup of the Lie group C^* ^ and its Lie algebra is a 
vector subspace of C£p,q. Suppose that X is an element of Lp.g. Then exp(tX) is an element of Fp.g, i.e.. 



f{t) = Ad exp(<X)(v) = exp(<X) v exp(-tX) e RP'«, Vv e 



(75) 



Defining (ad(A'))(v) = [AT, v] = Av — vA. and using the well-known result Ad(exp(iA)) = exp(ad(iA)), we have 
that /(<) e RP'i if, and only if 



ad(A)(v) = [A, v] = Av - vA e MP'«. 



(76) 



It can be proved that A € Tp^g is written as A G Ccn{C£p,q) ® A2{RP''^). In this way, exp(tA)G Tp^g. 

li Re Spin(p, q), then R ^ R, and for R = exp{tX), X must be written as A = a + B, where a G M, -B G A2(Mp^«). 
Besides, the condition RR = 1 implies that 1 = exp(fA)exp(<A) = cxp(2ta), i.e., a = 0. Then 



Spin+(p, q)B R^ exp(tB), B G A2(RP'«) 



(77) 
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The Lie algebra of Spin_|_ {p, q) , denoted by spin_|. {p, q) is generated by the space of 2- vectors endowed with the 
commutator. Indeed, if B and C are bivectors, then 

BC = {BC)o + {BC)2 + {BC)i, (78) 

and since B = -B c C = -C, it follows that BC ^ CB = CB. and so BC = CB = (BC)o - {BC}2 + {BC)i, from 
where we obtain BC - CB ^ [B, C] = 2{BC)2, i.e., {A2{W'''), [ , ]) = spin+(p, q) 



D. The Lie algebra of the conformal group 

The Lie algebra of $pin+(2,4) is generated by A^(M^'''), which has dimension 15. Since dim Conf(l,3) = 15, the 
relation between these groups is investigated now. In Subsection (|VI Bp we have just seen that 

Eo = -ilo, El = -^71, E2 = -172, E3 = -173, Ei =^ -170123, (79) 

and in the Sec. IVIIH that 

-Ba=£a£5, (80) 

where {£y|}^_Q is basis of M^''*, {Ea}\^q is basis of W^'^ and {7/i}j^=o is basis of R^'^. The generators of Conf(l,3), 
as elements of A2(M^''*), are defined as: 

Mf,^ = ^e^e^. (81) 
From relations ([79]) and (|80p . the generators of Conf(l,3) are expressed from the {7^} G as 



1 

1 



(82) 



They satisfy the following relations: 



[P^, P,] = 0, [K^, K,] = 0, [M^„ D] = 0, 

[M^y, Map] = g^pM^a- + g^aM^p - g^aMyp - gvpMp^, 
[P^,,K,] = 2(.g^,i? - AV), 
[P^^^D] = Pp, 

[Kp,D] = -Kp. (83) 
The commutation relations above are invariant under substitution Pp i— > —Kp, Kp !■ —Pp and D 1-^ —D. 
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IX. TWISTORS AS GEOMETRIC MULTIVECTORIAL ELEMENTS 



In this section we present and discuss the Keller approach, and introduce our definition, showing how our twistor 
formulation can be led to the Keller approach and consequently, to the Penrose classical twistor theory. The twistor 
defined as a minimal lateral ideal is also given in [25l . Robinson congruences and the incidence relation, that 
determines a spacctime point as a secondary concept obtained from the intersection between two twistors, are also 
investigated. 



A. The Keller approach 

The twistor approach by J. Keller [i^l uses the projectors ¥x := i(l±i75) {X = TZ, C) and the element = I+75X, 
where x = ^''7^ G M}'^ . Now we introduce some results obtained by Keller [13]: 

Definition ► The reference twistor rj^^, associated with the vector x £ M}--^ and a Weyl covariant dotted spinor 
(written as the left-handed projection of a Dirac spinor oj) Ii = P^w = (^) is given by 

= TxP£W = (1 + 75x)P£W = (1 + 75x)n < (84) 

In order to show the equivalence of this definition with the Penrose classical twistor formalism, the Weyl represen- 
tation is used: 



= (1 + 75x)n = 



/ \ / -i2 W f 

/ / \ Q i2 I \ Q 



Each entry of the matrices above denote 2x2 matrices, the vector 



+ x^ x^ + ix^ 

1 -90 S 

X — IX X — X 



(85) 



(86) 



is related to the point x G M}'^ and x'^ is the H-conjugation of a; G M}-'^ given by eg . ([86|l . Therefore, 

= ) (87) 

That is the index-free version of Penrose classical twistor [3^. The sign in the first component is different, since it is 
used the Weyl representation. 

In order to get the correct sign, Keller uses a representation similar to the Weyl one, but with the vectors in R'^ 
reflected [x ^ —x) through the origin: 

7(eo) " ( J ) ' ^^^^"^ ^lk={ ^'^ j (89) 



Then it is possible to get the Penrose twistor 



ri. = i'f] (90) 



Twistors are completely described by the multivectorial structure of the Dirac algebra C(8)C£i^3 ~ C£4^i ~ A1(4, C). 

A classical spinor is an element that carries the irreducible representation of Spin+(p, q). Since this group is the set 
of even elements (f> of the Clifford-Lipschitz group such that (j)(f) = 1, the irreducible representation comes from the 
irreducible representation of the even subalgebra C£p g. 
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B. An alternative approach to twistors 

We now define twistors as a special class of algebraic spinors in €£4^1. The isomorphism €£4^1 ~ C^C£i^3 presented 
in Subsection (jVI Cp . given by eqs. 



£■9 = 170, £'1=710, £2=720, -^3 = 730, £4 = 7570 = -7123, (91) 

explicitly gives rise to the relations Eq — —1 and £1 = £2 = £3 = £4 = 1. A paravector a; € M © E^'^ ^ €£4^1 is 
written as 

X = a;° + x^Ea 

= a;° + a°£o+2;i£i+x2£2 + a;3£3 + a''£4. (92) 
We also define an clement x ■= xE^ e A°{M.*-'^) ® Ai(M'*'i) ® A2(R4^1) as 

= x£4 = a;°£4 + a°£o£4 + x^£i£4 + a;2£2£4 + a;^£3£4 + a'^- 

It can be seen that 

+ *75) = T^lil + ^75) = T^F^. (93) 

We define the twistor as the algebraic spinor 

where / is a primitive idempotent of C(8)C^i.3 ~ C£4^i and U S C£4_i is arbitrary. Therefore Uf is a Dirac spinor and 
PcUf = (^) = n G i(l + i75)(C (8>C£i^3) is a covariant dotted Weyl spinor. The twistor is written as 

XU = XE4U 

= (a;°£4 + a°£o£4 + x^£i£4 + a;^£2£4 + a;^£3£4 + a*)n. (94) 

From the relation £4!! = 7570!! = —707511 
= — i7on it follows that 

XU = (a;"£4 + a"£o£4 + xi£i£4 + a;2£2£4 + 2:^£3£4 + a'^)n 
= x"(£4n) + x''£fc(£4n) + a°£o(£4n) + a'^n 
= -ix"jaU - ix'^jk^ + a"U + a'^U 
= (l+75x)n 
^ixS,'^ 



(95) 



Then our definition is shown to be equivalent to the Keller one, and therefore, to the Penrose classical twistor, by 
eq.®. 

The incidence relation, that determines a point in spacetime from the intersection between two twistors p^ . is 
given by 



J^x ;= XE4UXE4U 
= -UE4XXE4U 

= 0, (96) 

since the paravector a; G M ® R*'^ ^ C^4.i is in the Klein absolute, and consequently, xx = 0. 
Finally, the Robinson congruence is defined in our formalism from the product 



Jxx' ■■= xE4Ux'E4U 

= -UE4Xx'E4U. (97) 

The above product is null if a; = x' and the Robinson congruence is defined when wc fix x and let x' vary. 
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Concluding Remarks 



The paravector model permits to express vectors of 1 



Cip^q as paravectors, elements of 1 



q,p-l- 

The conformal transformations (translations, inversions, rotations, transvections and dilations) are expressed via the 
adjoint representation of $pin_|_(2,4) acting on paravectors of Ci^^i. While the original formulation of the conformal 
transformations is described as rotations in M.'^'^, the paravector model allows to describe them using the Clifford 
algebra €£4,1, isomorphic to the Dirac-Clifford algebra C (giC^i a. Then the redundant dimension is eliminated. Also, 
the Lie algebra related to the conformal group is described via the Dirac-Clifford algebra. 

Twistors are defined in the index-free Clifford formalism as particular algebraic spinors (with an explicit dependence 
of a given spacetime point) of E^'^, i.e., twistors are elements of a left minimal ideal of the Dirac-Clifford algebra 
C(8)C£i 3. Equivalently, twistors are classical spinors of R^''*. Our formalism is led to the well-known formulations, e.g., 
Keller [471 and Penrose The first advantage of an index-free formalism is the explicit geometric 

nature of the theory, besides the more easy comprehension of an abstract index-destituted theory. Besides, using the 
Periodicity Theorem of Clifford algebras, the present formalism can be generalized, in order to describe conformal 
maps and to generalized and to extend the concept of twistors in any (2n)-dimensional quadratic space. The relation 
between this formalism and exceptional Lie algebras, and the use of the pure spinor formalism is investigated in [60t . 



X. APPENDIX 
A. Standard representation 

Take the elements ej-^ = eo and e/^ = ieie2 are taken [U, Then 

Pi = i(l + eo)i(l + 16162), P2 = ^(l + eo)i(l -iei62), 

^3 = i(l-6o)i(l+ 16162), P4 = ^(l-eo)i(l-iei62). 



(98) 
(99) 



These four primitive idempotents are similar. Indeed, 613^1(613) ^ = P2, e3o-Pi(63o) ^ = P3, 6ioPi(6io) ^ = 
P4. Then it is easily seen that 613P1 C P2C£i,3(C)Pi, 630P1 C F3C^i,3(C)Pi and 610P1 C F4C^i,3(C)Fi. It follows 
that 



£11 = Pi, £21 = -eisPi, £31 = 630P1, £41 = eioPi. 



(100) 



Denoting {£ij}jj^i a basis for 7W(4,C), with the conditions £ij C PiC^i^3(C)Pj and £ij£ji = Pi, it can be verified 
that 



£11 — Pi, £12 — ei3P2, £13 ~ 630P3, £14 — 610P4 



The other £ij arc in the following table: 









Pi 


-ei3P2 


630 -P3 


610^4 




eisPi 


P2 


eioP3 


-e3oP4 




630 -Pi 


eio-P2 


P3 


ei3-P4 




eiqPi 


603^2 


-613^3 


P4 



Using the relations ()98|) . the representations of 6^t, denoted by 7^^, are constructed: 
• 60 = Pi + P2 - P3 - P4 = £11 + £22 - £33 - £4i- Then 



7(eo) = 70 



/ 1 \ 
10 
0-10 

V -1 / 




where / := 



(101) 



1 
-1 



(102) 
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• eio = eioPi + 610^2 + eio-Ps + ewPi = £41 + £32 + £23 + £ii- Therefore 

f l\ 
10 



7(eio) = 710 



10 

V 1 / 



, and so it follows that 7(ei) = 71 = 7io7o 



-CTl 

(Tl 



• 630 = eaoA + 630/2 + 630/3 + 630/4 = £31 - £42 + £13 - £24- Therefore 



(103) 



7(630) = 730 



/ 1 \ 

-1 
10 

yo -1 / 



aiidthen 73 = —70703 = 



-<73 
<J3 



• Pi + P3 — P2 — P4 = 16162. It implies that 

62 = i6o(6oiPl + 601^3 - 601P2 - 601P4) 
= i6o(£l4 + '?32 - '?23 - '?4l)- 

It follows that 



72 



-(72 
(72 



The standard representation of the Dirac matrices is then given by 

^ I 



7(60) = 70 



-/ 



, 7(6fc) = Ik 



-Ok 
<Jk 



(104) 



(105) 



(106) 



(107) 



B. Weyl representation 

In this case we have e/j = 65 :~ 60123 and e/^ — 16162. 

Pi = ^(1+65)^(1 +J6162), P2 = ^(1 + 65)^(1 -i6l62), (108) 

P3 = ^(1-65)^(1+^6162), P4 = ^(1-65)^(1-^6162). (109) 

These idempotents are similars, as it can be easily verified: 

6oPi6^i = P3, 6iPier' - P4, 6oiPi(eoi)^i = P2. (110) 

More generally it can be asserted that in a simple algebra, all primitive idempotents are similar. Then it follows that 
60P1 C P3«i,3(C)Pi, 61P1 C P4ai,3(C)Pi, 601P1 C P2ai,3(C)Pi and 

£11 = Pi, ^^^21 = 601P1, ^^31 = 60P1, ^41 = 61P1. (Ill) 

With the conditions £ij C PiC£i^3(C)Pj and £ij£ji = Pi, it is immediate that 

^^11= Pi, ^^12 = 601P2, fi3 = eoPj, £14 = -61P4. (112) 
The other entries are £ij are exhibited in the following table: 



£ij 






Pi 


601 P2 


60P3 


-61P4 




601 Pi 


P2 


-61P3 


60P4 




60P1 


61P2 


P3 


-eoiP4 




61P1 


60 P2 


610P3 


P4 
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The representation of e^, denoted by 7^. are obtained: 

• eo = eoPi + 60^2 + P0P3 + c-aPi = + £i2 + ^13 + ^24- Then 



7(eo) = 70 



/ 
/ 



(113) 



• ei — eiPi + eiP2 + eiP^ + eiP^ = £41 + £32 — £"23 — ^-14- Therefore we have 



7(ei) = 71 = 



23 

/ -1 \ 
0-10 
10 

V 1 / 



-(Tl 
tTl 



(114) 



ies = Pi + P2 - P3 - ^^4 ^ 65 = -i{Pi +P2-P3- Pa) = -i{£ii + ^22 - £33 - ^^44). It then follows that 



7(65) = 75 



( -i \ 



i 

\ i / 



-12 
i2 



16162 = Pi+ P^i — P2 — Pa- Now it implies that 



62 = i(6iPi + 61P3 - 61P2 - 61P4) 

= i{£iA — £32 — £23 + £ai)- 



It now immediate to see that 



72 



/ i\ 



-i 

\i 0/ 



-(72 
(72 



From the notation 65 = 60123, it is seen that 63 = —601265. Besides, we can show that 



7(63) 



/ -1 \ 

1 

10 

V -1 y 



-CT3 
<J3 



Then the Weyl representation of the Dirac matrices is given by 



(115) 



(116) 



(117) 



7(6o)=7o= 7(6.) = 7. ^f'^^ 



(118) 
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